Universal algebraic growth of entanglement entropy in many-body
  localized systems with power-law interactions by Deng, Xiaolong et al.
ar
X
iv
:1
91
2.
08
13
1v
2 
 [c
on
d-
ma
t.d
is-
nn
]  
18
 M
ay
 20
20
Universal algebraic growth of entanglement entropy
in many-body localized systems with power-law interactions
Xiaolong Deng,1, ∗ Guido Masella,2 Guido Pupillo,2 and Luis Santos1
1Institut fu¨r Theoretische Physik, Leibniz Universita¨t Hannover, Appelstr. 2, 30167 Hannover, Germany
2ISIS (UMR 7006) and icFRC, University of Strasbourg and CNRS, 67000 Strasbourg, France
(Dated: May 19, 2020)
Power-law interactions play a key role in a large variety of physical systems. In the presence of
disorder, these systems may undergo many-body localization for a sufficiently large disorder. Within
the many-body localized phase the system presents in time an algebraic growth of entanglement en-
tropy, SvN(t) ∝ t
γ . Whereas the critical disorder for many-body localization depends on the system
parameters, we find by extensive numerical calculations that the exponent γ acquires a universal
value γc ≃ 0.33 at the many-body localization transition, for different lattice models, decay powers,
filling factors or initial conditions. Moreover, our results suggest an intriguing relation between γc
and the critical minimal decay power of interactions necessary for many-body localization.
The interplay between disorder and interactions plays
a key role in the understanding of transport and ther-
malization in many-body quantum systems. Whereas
quantum interference leads to Anderson localization in
non-interacting disordered systems [1], localization may
occur even in highly excited states in the presence of in-
teractions [2]. Many-body localization (MBL) is of fun-
damental relevance in quantum statistical mechanics, be-
ing the only known robust mechanism that may prevent
thermalization in an isolated system. As a result, MBL
has attracted a huge attention in recents years [3–7], in-
cluding breakthrough experiments [8–14].
Whereas MBL research has mostly focused on local
interactions, recent works are unveiling the intriguing
thermalization and MBL physics in disordered systems
with power-law interactions [15–33]. On one hand, this
is justified by the possible relevance of long-range inter-
acting systems for the understanding of MBL in dimen-
sions larger than one [23, 34]. On the other hand, power-
law interactions (van der Waals, dipolar, Coulomb, or
even of variable power) are fundamentally relevant for
a large variety of physical systems, including nuclear
spins [36], nitrogen vacancy centers in diamonds [35],
polar molecules [37], magnetic atoms [38, 39], Ryd-
berg gases [40, 41], atoms at photonic crystals [42], and
trapped ions [43, 44]. MBL is expected for a suffi-
ciently quickly decaying power-law interactions (up to
the delocalizing effect of rare ergodic spots [45]). One-
dimensional XXZ spin models, with both Ising and ex-
change interactions decaying with the interparticle dis-
tance r as 1/ra, have been predicted to present MBL for
a sufficiently large disorder for a > ac = 2 [15, 17, 18].
For XY models, with just spin exchange, MBL has been
predicted for a > ac = 3/2 due to emerging Ising interac-
tions [19], although recent numerical calculations indicate
that ac may be smaller [26, 29, 33].
Entanglement dynamics within the MBL phase
presents intriguing features. In particular, whereas the
entanglement entropy, SvN , saturates in the Anderson
localized case to a system-size independent value, in
MBL systems entanglement propagates due to dephas-
ing even in the absence of energy or particle transport.
In particular, for local interactions, SvN grows logarith-
mically in time until reaching a volume-law value [46–
49]. This entropy growth results from the interaction
between exponentially localized local integrals of mo-
tion (LIOMs) [50, 51] adiabatically connected with the
single-particle states. In contrast, in power-law inter-
acting systems single-particle localization is rather alge-
braic [52, 53], and a similar LIOM logic predicts algebraic
entropy growth [27], as observed numerically [16, 26, 27].
In this Letter, we investigate the MBL phase of hard-
core bosons with power-law hops and interactions, or
equivalently spin models with power-law exchange and
Ising terms. Using exact diagonalization, we determine
the onset of MBL from level spacing statistics for differ-
ent models of experimental relevance: XY model, XXZ
model with equal decay power for Ising and exchange
interactions, and extended-Hubbard model (EHM) with
nearest-neighbor (NN) hops and power-law interactions.
Using exact evolution and Krylov techniques, we ana-
lyze the entanglement dynamics, and in particular the
algebraic growth SvN (t) ∝ t
γ . In contrast to previous
studies, which concentrated in a narrow range of a val-
ues and a single disorder strengthW well within the MBL
regime [26, 27], we analyze in detail the dependence on
W , showing that the algebraic growth presents a remark-
able universality at the critical disorderWc(a) that marks
the onset of MBL. At criticality, γ = γc ≃ 0.33, for the
XY, XXZ and EHM models, irrespective of the decay
power of the interactions, the filling factor, or the ini-
tial state. Interestingly, our results suggest a surprising
relation between γc and the critical ac for MBL.
Model.– We consider hard-core bosons in a disordered
1D lattice, which present both power-law hopping and in-
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FIG. 1: (a) 〈r〉 for b = 0, a = 3 as function of W for L = 14, 16, and 18. Phase diagrams, evaluated using the level spacing
statistics, as a function of W and the decay power a for (b) XY model (b = 0), (c) XXZ model (a = b and V = 1), and (d)
EHM model (a =∞, V = 1). We indicate the value of the power γ of the growth of SvN(t) at the MBL transition.
teractions. The system is described by the Hamiltonian:
Hˆ = − J
∑
i,j 6=i
1
|ri − rj |a
(bˆ†i bˆj + h.c.)
+ V
∑
i,j 6=i
1
|ri − rj |b
nˆinˆj +
∑
j
ǫj nˆj , (1)
where bˆj are bosonic operators at site j ((bˆ
†
j)
2 = 0), nˆj =
bˆj bˆj, J = 1 and V are, respectively, the hopping ampli-
tude and interaction strength to nearest-neighbors (NN),
and ǫj is a random on-site energy uniformly distributed
between −W and W . Hamiltonian (1) is interesting for
a large variety of physical problems. It may be mapped
to a spin-1/2 Hamiltonian with power-law exchange and
Ising terms, and random on-site magnetic field. In partic-
ular, when V = 0 (or equivalently b = 0, due to number
conservation), Eq. (1) reduces to an XY Hamiltonian,
as that already realized, in absence of disorder, in polar
molecules with two available rotational states [37], Ry-
dberg atoms [41], and trapped ions [43, 44]. The case
a = b, which reduces to a power-law XXZ model, is di-
rectly relevant for two-component magnetic atoms [38]
and polar molecules in the presence of an external elec-
tric field. Finally, for a = ∞ the model reduces to
the extended Hubbard model (EHM) with NN hopping
and power-law interactions, already realized in magnetic
atoms polarized in the maximally stretched state [39].
Below, we focus on the localization properties and dy-
namics of these three experimentally relevant models.
Many-body localization.– We first establish, for the
different cases, the critical disorder strength to achieve
MBL. We consider a lattice of L sites with open-
boundary conditions. By means of exact diagonaliza-
tion for up to L = 18 sites, we determine the eigenstates
for L/2 hard-core bosons (although we focus below on
half-filling, we have found similar results for other filling
factors [54]). We study the level-spacing statistics, char-
acterized by rn = min(δn, δn−1)/max(δn, δn−1), where
δn ≡ En+1 − En, and En denotes the eigen-energies in
growing order. We obtain 〈r〉 after averaging rn over
all states with |En| < W (in order to avoid spurious ef-
fects given by states at the spectral edges) and over up
to 1000 disorder realizations (for the EHM the center of
the averaging window is displaced to the maximum of
the density of states [54]). We determine 〈r〉 for different
system sizes L = 14, 16, and 18. In the thermodynamic
limit, it is expected that integrable or MBL systems are
characterized by a Poissonian level spacing distribution,
characterized by 〈r〉 ≃ 0.386, whereas ergodic systems
present a Wigner-Dyson distribution in the Gaussian Or-
thogonal Ensemble, which results in 〈r〉 ≃ 0.529 in the
delocalized phase (DEL). The critical disorder strength
Wc marking the onset of MBL is then given by the cross-
ing point of the 〈r〉 curves for different L, which is hence
stationary under scaling of the system size. In order to
determine properly Wc, we perform a finite-size scaling
analysis, expressing 〈r〉 as a function of (W −Wc)L
1/ν ,
such that curves for different L collapse, as illustrated in
Fig. 1(a) for b = 0 and a = 3.
Phase diagrams.– Figure 1(b) depicts the phase dia-
gram as a function ofW/J and a for the XY model (b = 0
or V = 0). For a < ac ≃ 3/2, we observe, for the available
system sizes in our numerics, no clear crossing point in
the finite-size scaling of 〈r〉, and hence no trace of MBL.
This is in agreement with the predictions of Ref. [19], al-
though we cannot rule out that the critical power may
be slightly lower [26, 29, 33]. Figure 2(c) shows the XXZ
case (a = b) with V = 1. In agreement with Ref. [15, 18]
we observe no MBL for a < ac ≃ 2. Finally, Fig. 2(d) de-
picts the EHM with NN hopping, for which MBL occurs
at any b value, being enhanced for b < 2 [29].
Entanglement entropy.– We are particularly inter-
ested in the entanglement dynamics within the MBL
region. In the following, we consider that the system
is initially prepared in a half-filled density wave state
. . . 101010 . . . . This choice is inspired by experiments [8],
but other choices of the initial state and the filling factor
do not alter the results [54]. The entanglement dynam-
ics is monitored by means of the entanglement entropy,
SvN (t) = −Tr[ρˆAlnρˆA], with ρˆA = TrB[ρˆ] the reduced
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FIG. 2: (a) Entanglement entropy SvN (t) for a = 3, b = 0,
W = 8 and different L. For L = 14, 16 and 18 we employ
exact evolution and 2000 realizations, whereas for L = 20 we
use the Krylov subspace method and 1000 realizations. Note
the relatively large time window (between the dashed vertical
lines) with a common algebraic growth for all L values that
we employ for fitting the value of the power γ. We also depict
the curve for a = ∞ (Anderson localization). (b) SvN(t) for
a = 3, b = 0, L = 20. Larger W results in lower γ. For these
values Wc ≃ 3.5.
density matrix of the left half of the system (A) when
tracing over the other half (B).
For systems up to L = 18 sites, we determine the dy-
namics at any time t > 0 using exact evolution. Krylov
subspace techniques allow us calculations with larger sys-
tem sizes (up to L = 22) but they are limited to moderate
time scales. We have checked that for a given disorder
realization and up to L = 18 the Krylov and the exact
calculation provide the same result within 10−6 relative
error in the determination of SvN (t). A large number of
disorder realizations is crucial to achieve good statistics
and converging results for γ, since anomalous regions of
small disorder increase the value of γ. For L = 14, 16, 18
we choose up to 2000 samples, and for L = 20 up to 1000
samples, which lead to converging results [55].
Figure 2(a) shows our results for the XY model (b = 0)
with a = 3 and W = 8, which illustrate a typical entropy
growth in our calculations. Initially, SvN (t = 0) = 0
since we start with a Fock state. At short times local dy-
namics leads to an entropy growth that is independent of
the power a, and indeed it is shared by the a =∞ (NN)
case, which presents Anderson localization. After this
initial dynamics, for finite a, the entropy grows alge-
braically, SvN (t) ∝ t
γ , until saturating at a value that
depends on the system size. We note that the onset of
the algebraic growth is delayed to longer times when a
grows, resulting in an entropy plateau shared with the
NN case. The onset time diverges when a → ∞. As
shown in Fig. 2(a), the slope of the log-log curves con-
verges within various decades for L = 14, 16, 18 and
20 (the latter obtained with the Krylov method, and
hence limited to shorter times), allowing us to exclude
finite-size effects in the determination of γ by fitting only
within the converged time window.
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FIG. 3: (a1) and (b1) Exponent γ as a function of W −
Wc(a) for the XY model (b = 0) and the XXZ model (a = b,
V = 1) for different a values. Note that all curves cut at
W =Wc indicating universality of γ at the onset of MBL. The
horizontal lines indicate 1/2a (XY model) and 1/(a+1) (XXZ
model). (a2) and (b2) Same figure, but as a function of (W −
Wc(a))(a− 3/2) for the XY model, and of (W −Wc(a))(a−
2) for the XXZ mode. Note that the curves collapse in the
vicinity of the onset of MBL, indicating a universal scaling.
Universal entropy growth in the XY model.– The
value of the exponent γ depends on both the disorder
strength W and the powers a and b. Figure 2(b) depicts
our results for the XY model with a = 3 and L = 20 sites,
for W around the critical Wc ≃ 3.5. Both for the MBL
and the extended phase we have an algebraic growth. Al-
though our focus is on the MBL regime, we note that the
entropy growth in the extended regime is far from linear
as one would expect for an ergodic system [56], indicat-
ing possible non-ergodicity of the extended regime, at
least in the vicinity of the MBL phase. The power γ de-
creases with growing W , with a critical power γc ≃ 0.33
at W = Wc. As we discuss in the following, this critical
entropy growth turns out to be universal. This univer-
sality constitutes the main result of this paper.
In Fig. 3(a1) we depict γ for different a values. Al-
though the level-spacing analysis, which provides Wc(a),
and the study of the dynamics, which provides γ, are in-
dependent from each other, we observe that all γ(a,W )
curves converge at criticality, W = Wc(a), at a value
that within our numerical accuracy is approximately
γc ≃ 0.33 ± 0.02 [57]. Hence, remarkably, the criti-
cal algebraic entropy growth at the MBL on-set is in-
dependent of a (see also Fig. 1(b)). Moreover, for
W > Wc(a) in the vicinity of the MBL boundary, γ be-
comes to a good approximation a universal function of
(a− 3/2)(W −Wc(a)) (Fig. 3(a2)).
For large W , we may expect that the LIOMs can be
approximated by the population of single-particle states,
which remain algebraically localized at lattice sites with
4the same power a of the XY exchange [52, 53]. Hence,
the interaction between LIOMs placed at a distance
r (resulting from the hard-core constraint) should de-
cay as 1/r2a. As a result, we would expect for large
W , γ = γ∞(a) = 1/2a at large disorder. As shown in
Fig. 3(a1), this is approximately the case (dashed lines
indicate γ∞(a)). Calculations with large system sizes
would be however necessary to establish the asymptotic
γ∞(a) dependence more precisely, since due to the low
saturation entropy we cannot perform reliable fits of γ
for W > 12 for the system sizes we can evaluate. Inter-
estingly, if γ = γc holds for the MBL transition all the
way till a = ac, and sinceWc(ac) diverges, then we would
expect γc = γ∞(ac). Note that this is indeed fulfilled for
γ∞(a) ≃ 1/2a, ac ≃ 3/2 and γc ≃ 1/3.
Universal entropy growth in other models.– Interest-
ingly, a similar analysis for the XXZ model with a = b
reveals that the algebraic growth of SvN (t) is also uni-
versal at the onset of MBL with the same exponent
γc ≃ 0.33 (see Fig. 3(b1)). Moreover, within the MBL
in the vicinity of Wc(a) γ is a universal function of
(W −Wc(a))(a − 2) (see Fig. 3(b2)). For large W , fol-
lowing the arguments of Ref. [16], we may expect a de-
pendence γ∞(a) ≃ 1/(a+1). Our numerical calculations,
which as for the XYmodel are limited toW < 12, suggest
that this is approximately the case. Similar as above, we
would expect γc = γ∞(ac). Note that the latter would
be fulfilled for γ∞(a) ≃ 1/(a+ 1), ac ≃ 2, and γc ≃ 1/3.
The results for the XXZ and XY models hence suggest
that there is an intriguing relation between the universal
growth of SvN (t) at the MBL transition, given by γc, and
the critical power ac for observation of MBL.
Finally, we have analyzed the dynamics in the
EHM (a = ∞), see Fig. 1(d) [58], obtaining as well a
critical γc ≃ 0.33 (slight deviations for b ≥ 2 can be at-
tributed to the difficulty of determining reliably Wc for
small system sizes). Moreover, modified EHMs with ran-
dom interaction and hopping signs also show the same
universal entropy growth at the MBL transition [54].
Conclusions.– Hard-core bosons with power-law-
decaying hops and interactions in disordered 1D lattices,
or equivalently spin models with power-law-decaying ex-
change and Ising terms present MBL for a sufficiently
large disorder. By means of level spacing statistics, we
have determined the MBL regime for three models of par-
ticular experimental relevance: XY model, XXZ model,
and EHM model with power-law interactions. Due to
algebraic localization of LIOMs, the entanglement dy-
namics is characterized by an algebraic growth of en-
tanglement entropy. We have shown that for all mod-
els, power-law decays of the interaction terms, filling fac-
tors and initial conditions the algebraic entropy growth
is characterized by a universal power, SvN (t) ∝ t
γc≃1/3.
This remarkable non-trivial universality was overlooked
in previous studies, which focused on particular W val-
ues for specific models and/or narrow windows of powers
a [59]. Moreover, our results suggest a relation between
γc and the critical power ac for the observation of MBL.
Interestingly, this relation may open the possibility to
determine ac with experiments performed at any other
a > ac power, in particular a = 3 characteristic of sys-
tems with dipolar interactions. We expect that our work
will trigger further theoretical work in determining the
origin of such an universal growth. Moreover, our analy-
sis opens interesting questions about the universality of
other entanglement measures, as for example the Fisher
information [26, 27], which may be more easily monitored
experimentally.
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We provide further detailed information on the universality of entanglement growth at the many-
body localization (MBL) transition. We first show that the universality is maintained when con-
sidering different initial conditions and filling factors. We discuss as well further details about the
calculations for the special case of the extended Hubbard model. Finally, we show that the observed
universal growth of entanglement entropy is valid as well for an extended Hubbard model with
random signs.
UNIVERSALITY WITH RESPECT TO THE
INITIAL CONDITION
In the main text, we discussed how the exponent γ
of the algebraic entanglement entropy growth depends
on the disorder strength W , and the interaction pow-
ers a and b. Although in the main text we discussed
only the case of an initial density-wave state of the form
. . . 01010 . . . , we have performed also numerical calcula-
tions starting from other initial states, randomly chosen
from a general ensemble. We observe no dependence on
the initial condition chosen. As an illustration of this
point, we show in Fig. 1 the evolution of the entangle-
ment entropy for three different initial states for the case
of the XY models with a = 3. Although the saturation
entropy slightly depends on the initial state, the slope of
the growth in the log-log scale, and hence the value of
γ is independent of the initial state chosen. Hence, the
observed universal algebraic growth of entanglement en-
tropy at the MBL transition remains valid for a general
ensemble of initial states.
UNIVERSALITY WITH RESPECT TO
DIFFERENT FILLING FACTORS
In the main text, we analyzed only the case of half-
filling (or equivalently zero magnetization for spin sys-
tems). We have checked that the universality of the
entanglement entropy growth at the MBL transition is
maintained for other filling factors. Figure 2 shows our
results for fillings 1/3 and 1/4 for the XXZ model with
a = b = 3. In both cases we obtain Wc ≃ 4. At
that value, we observe, as for the half-filling case, al-
gebraically growing entanglement entropy growth with
exponent γc ≃ 0.33.
DENSITY OF STATES OF THE EHM
When determining Wc from level spacing statistics, we
may choose to average 〈r〉 over all energies, which may
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FIG. 1: (Color online) Evolution of the entanglement entropy
of the XY model (with a = 3) starting from randomly cho-
sen initial states in the delocalized phase (W = 2.0), critical
phase (W = 3.5) and many-body localized phase (W = 6.0),
respectively. The system size is L = 16, and 1000 disorder
samples were considered for the statistics. Note that the sat-
uration entropy may be slightly different, but the slopes are
the same for all initial states.
be compromised by the spurious effect of states at the
spectral edge, or rather average in the vicinity of the
maximum of the density of states (DoS). In the XY and
XXZ models discussed in the main text, the maximum of
the DoS is at energy E = 0, justifying our average in a
window |E| < W . In contrast, in the EHM the maximum
of the density of states is at an energy Emax(DoS) 6= 0,
which is system dependent. In Fig. 3 (a) we depict the
DoS for L = 18, which is peaked at Emax(DoS) = 10.
The corresponding level-spacing factors 〈r〉 are depicted
in Fig. 3 (b). Hence, in the case of the EHM, we average
〈r〉 rather over |E − Emax(DoS)| < W . For Fig. 1(d) of
the main text, we employed 8000 disorder samples for
L = 16, and 1000 ones for L = 18. As shown in Fig. 1
of the main paper, γc ≃ 0.33 at Wc also for the EHM
model. We attribute the deviations observed for b < 2
to the relatively imprecise determination of Wc, which
for b < 2 demands larger system sizes than those we can
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FIG. 2: (Color online) Results for filling factor 1/3 (a, b) and 1/4 (c, d) for the XXZ model with a = b = 3. Figures (a) and
(c) depict the level statistics factor 〈r〉 as a function of the disorder strength W for different system sizes L. The crossing of
the curves marks the transition, that occurs for Wc = 4.1(1) for filling 1/3, and for Wc = 3.8(1) for filling 1/4. Figure (b) and
(d) show the evolution of the entanglement entropy as a function of time for different values of W (L = 18 for filling 1/3 and
L = 20 for filling 1/4).
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FIG. 3: (Color online) (a) Density of states (DoS) and factor
〈r〉 for different disorder strengthsW for the EHM with b = 1.
We evaluate 1000 samples for a system size L = 18.
evaluate numerically.
EXTENDED HUBBARD MODEL WITH
RANDOM SIGNS
In the main text we considered an EHM with isotropic
regular hopping and interacting terms. However, a more
general EHMHamiltonian has been recently theoretically
considered in the context of MBL research [2–4], which
is of the form:
Hˆ = −J
∑
〈i,j〉
uij(bˆ
†
i bˆj + h.c.)
+ V
∑
i,j 6=i
vij
|ri − rj |b
nˆinˆj +
∑
j
ǫj nˆj , (1)
where uij and vij are independent random variables with
values ±1. In the large-disorder limit a (pseudo-)spin
resonance analysis [1–3] shows that the isotropic EHM
(without random signs) has a critical dimension dc =
(b + 2)/2, that is, in 1D MBL can appear for 0 < b < 2.
The EHM with random signs has a critical dimension
dc = b/2, that is, MBL cannot appear for b < 2 in the
thermodynamic limit.
Using the same techniques as in the main text, we
have obtained the phase diagram and the time evolu-
tion of the entanglement entropy for Model (1). Our
results, depicted in Fig. 4 (a), are consistent with the
(pseudo)-spin analysis. At the MBL transition, the en-
tanglement entropy grows algebraically with exponent
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FIG. 4: (Color online) (a) Phase diagram of Model (1) as a
function of the disorder strengthW and the interaction power
b. The MBL transition is obtained by performing a finite-size
scaling of our results of 〈r〉 for various system sites up to L =
18. For b < 2 we observe localization for large W although
we associate it to the small size of the considered systems.
(b) Exponent γ of the growth of entanglement entropy as a
function of W for b = 1, 2, and 3. Note that for b = 2
the exponent γ approaches asymptotically 0.33 as expected if
the critical interaction exponent was bc = 2, and the critical
growth exponent γc = 0.33.
γc ≈ 0.33. For b = 2, γ approaches γc with increas-
ing disorder strength (Fig. 4 (b)), as one could expect if
the critical value of b is bc = 2. These results, as well as
those of the main text, suggest a close relation between
the critical γc of the entanglement entropy growth and
the critical interaction exponent for observing MBL.
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